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Abstract
Leading finite temperature effects on the neutrino decoupling temperature
in the early Universe have been studied. We have incorporated modifications
of the dispersion relation and the phase space distribution due to the pres-
ence of particles in the heat bath at temperature around MeV. Since both
the expansion rate of the Universe and the interaction rate of a neutrino are
reduced by finite temperature effects, it is necessary to calculate thermal cor-
rections as precisely as possible in order to find the net effect on the neutrino
decoupling temperature. We have performed such a calculation by using the
finite temperature field theory. It has been shown that the finite temperature
effects increase the neutrino decoupling temperature by 4.4%, the largest con-
tribution coming from the modification of the phase space due to the thermal
bath.
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I. INTRODUCTION
The standard hot big bang model appears to be a reliable description of the evolution of
the early Universe, one of the most remarkable successes being the prediction of the present
abundance of light chemical elements from the primordial nucleosynthesis calculations [1].
The Universe is usually described as a hot, dilute gas of particles in nearly thermodynam-
ical equilibrium [2,3]. During the early epochs, the particle species in the thermal bath
underwent departure from the equilibrium one after another: one of the typical departures
was that of neutrinos, when the temperature of the Universe was about 1MeV [2]. The
neutrino decoupling has important (indirect) effects on the evolution of the Universe, since
it happened at the time close to the neutron–to–proton ratio (n/p) freeze–out temperature
T ≃ 0.7MeV and to the photon reheating by e+e− annihilation (T <∼ me). The synthesis
of light elements depends sensitively on the n/p freeze–out abundance which is determined
by the interplay between the weak interaction rates and the expansion rate of the Universe.
Both rates are influenced by the neutrino decoupling temperature [2,4]. Neutrinos which
were decoupled early do not share the entropy transfer with electrons, positrons and pho-
tons in the medium. As a consequence, their temperature Tν becomes slightly lower than
that of the other particles in equilibrium. On the contrary, if neutrinos are not totally de-
coupled when the entropy transfer begins, they can share part of the e± entropy and their
temperature would be higher. A small change ∆Tν modifies the statistical distribution of
neutrinos, and in turn affects both the weak interaction rates which maintain the equilib-
rium between neutrons and protons, and the expansion rate of the Universe which is due
to the change of the neutrino contribution to the total energy density. The overall effect
is to shift the n/p freeze–out temperature and hence the n/p abundance when the nucle-
osynthesis begins. The effect on the present Helium abundance Y was estimated to be of
the order ∆Y/Y ≃ −0.1(∆Tν/Tν) (the change is with respect to the calculation in which
neutrinos are not reheated by electrons) [4]. Therefore, a precise knowledge of the neutrino
decoupling temperature is desirable to gain a confidence in the estimates of the primordial
element abundance.
The standard calculation of the neutrino decoupling temperature is based on the as-
sumption that particles in the thermal bath behave like free particles. The interactions are
only responsible for the thermodynamical equilibrium, but do not contribute to the energy
density of the Universe. However, particles in the medium feel effective potentials due to
the interactions with other particles, which modifies their dispersion relations or introduces
effective mass for the particle. In addition to this dynamical effect, the phase space available
for the interaction is necessarily modified by the statistical distribution of particles in the
medium.
Our purpose is to examine whether or not the finite temperature effects can actually
lower the neutrino decoupling temperature, leading to possible changes in the nucleosyn-
thesis prediction of the present abundance of light elements. We explicitly and consistently
include in the calculations the thermal effective mass of a photon and an electron, and the
thermalized phase space distribution in the cross section in the Born approximation. Higher
order interactions and radiative corrections to the neutrino interactions are not considered
here, since we aim at the leading order corrections by the thermal bath. Another medium
effect, which is not considered here, is the absorption or the emission of photons in the bath.
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This effect turns out to be important in the nucleosynthesis calculations for the reactions
which involve three body initial or final state (such as neutron decay and its inverse decay),
because the additional photon involved modifies sizably the phase space of the reactions
[5]. In the case of two body reactions responsible for the thermal equilibrium of neutrinos,
however, this higher order effect is small compared with the corrections calculated in the
present paper, the overall magnitude of which will be shown to be of the order of 15% on
the interaction rates, leading to a 4% shift in the neutrino decoupling temperature.
The plan of the paper is as follows. In Section II, we discuss how to include finite
temperature effects in the calculation. In particular, we will briefly discuss the calculation of
effective mass of a photon and an electron in the framework of Finite Temperature Quantum
Field Theory (FTQFT), with the special attention to the MeV temperature range which is
relevant for the neutrino decoupling. Limitations of the previous calculations in applying to
the present problem will also be discussed. In Section III, we evaluate finite temperature
effects on the expansion rate of the Universe and the interaction rate of a neutrino, and
show their effects on the neutrino decoupling temperature.
II. THERMAL EFFECTS
In the early Universe where the particles are propagating in a thermal bath, rather than
in the vacuum, their dynamics and interactions are modified to some extent. The behavior of
particles in a thermal bath is systematically described in the framework of FTQFT [6]. There
are two equivalent formulations of FTQFT: the imaginary–time and real–time formalisms.
In the present paper, we adopt the real–time formalism where the Feynman rules for all
the vertices are identical with those in the vacuum, and the presence of the thermal bath is
taken into account by the modification of the tree–level propagators of fermions and bosons
as [6]
− iST (p) = (/p+m)
[
1
p2 −m2 + iǫ
+ 2πiδ(p2 −m2)nF (p · u)
]
for fermions , (1)
and
− iDµνT (k) =
(
−gµν + α
kµkν
k2
) [
1
k2 + iǫ
− 2πiδ(k2)nB(p · u)
]
for photons , (2)
where α is the gauge–fixing parameter. In Eqs.(1) and (2), uµ is the four–velocity of the
medium (uµ = (1,~0) in the rest frame of the medium) and nF,B are defined as
nF,B(x) = θ(x)fF,B(x) + θ(−x)fF,B(−x) , (3)
where θ(x) is the step function and fF,B are, respectively, the Fermi–Dirac (FD) and Bose–
Einstein (BE) distribution functions
fF,B(x) =
[
exp
(
x− η
T
)
± 1
]−1
. (4)
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In Eq.(4) the (+) and (−) signs refer to fermions and bosons, respectively, and η is the
chemical potential. In this paper η = 0 is assumed for all the species.
Corrections analogous to that of Eq.(2) should also be applied to the propagators of
massive gauge bosons, which are exchanged in the weak interactions of neutrinos. Due to
the presence of statistical distribution functions, however, finite temperature corrections to
their vacuum propagators are exponentially suppressed at T ∼ 1MeV ≪ MW ,MZ . This
reflects the fact that the bath is too cold to excite those very massive degrees of freedom.
In Eq.(4), T is the temperature of the heath bath measured in the rest frame of the
fluid. The presence of the bath does not violate the Lorentz invariance of the system since
appropriate definitions of temperature, as well as of all the thermodynamical variables, can
be obtained in any reference frame by suitable transformation laws [7,8]. Since the early
Universe as a thermal bath is conveniently described in the rest frame of the fluid itself, i.e.
in the comoving reference frame, temperature T has a direct and simple meaning. We will,
therefore, adopt the comoving frame throughout the paper.
In the FTQFT formalism, the effect of the bath on the dynamical evolution of particles
is taken into account by modifications to their dispersion relations, which can be recast in
the definition of effective mass for the particle. (This effect can be evaluated by calculating
the self–energy of the particle in the heat bath, and will be briefly reviewed in Sections
IIA and IIB). The change of mass of the particle modifies its contribution to the energy
density of the Universe and therefore its expansion rate. At the same time, it modifies
the interaction rate due to the change of dispersion relations in the cross sections and the
distribution functions f(E).
In addition, the phase space distribution is also influenced by the background: the pres-
ence of the same particles in the surrounding medium as those produced in the interaction
processes reduces (enhances) the production probability for fermions (bosons), respectively,
according to the statistics of the particles. The final state density factors are modified as
follows:
d3p ′
(2π)32E ′
−→
d3p ′
(2π)32E ′
[1− fF (E
′)] for fermions (5)
d3k ′
(2π)32ω′
−→
d3k ′
(2π)32ω′
[1 + fB(ω
′)] for bosons . (6)
In summary, the influence of the medium on the particle evolution in the Universe is
due to the temperature–dependent shifts in the dynamical mass of the particles and the
temperature–dependent modification of the interactions between particles. Both modifica-
tions will be included in the calculation of the neutrino decoupling temperature in Section
III. We now turn to the discussion of thermal mass of the photon, electron and neutrino at
T ∼ MeV.
A. Effective Mass of the Photon
In the thermal bath at T ∼ MeV, a photon propagates through a medium made of
electrons, positrons and neutrinos. Its propagation is therefore influenced by the interactions
with the e+ and e−. The effect of these interactions on the dynamical evolution of the photon
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is taken into account by calculating the self–energy of the photon in the e± background. The
one–loop self energy diagram gives
Πµν(k) = Πµν0 (k) + Π
µν
T (k) , (7)
where kµ is the photon four momentum, Πµν0 (k) is the vacuum polarization tensor at T = 0
and
ΠµνT = −2πe
2
∫ d4p
(2π)4
Tr[γµ(/p+ /k +m0)γ
ν(/p+m0)]
×
[
δ(p2 −m20)fF (p
0)
(p+ k)2 −m20
+
δ[(p+ k)2 −m20]fF (p
0 + k0)
p2 −m20
]
, (8)
describes finite temperature corrections. In Eq.(8), pµ is the four–momentum of the electron
in the loop and m0 denotes the electron mass in the vacuum. The separation of the self
energy into two parts, one referring to the T = 0 case and the other coming from the presence
of the medium, is attributed to the separation of the electron propagator in Eq.(1). The
function Πµν0 (k) is divergent and, as usual, is subject to the electric charge renormalization.
The function ΠµνT (k) induces a finite shift in the photon propagator, generating effective
mass for the photon. The vacuum polarization tensor can be decomposed as [7,9]
Πµν = πT (k¯, w)P
µν + πL(k¯, w)Q
µν , (9)
where P µν and Qµν are orthogonal projection operators (for their explicit form, see [7]) and
πT and πL are scalar functions given by
πL(k¯, w) = −
k2
k¯2
uµuνΠµν
πT (k¯, w) = −
1
2
πL(k¯, w) +
1
2
gµνΠµν . (10)
In Eqs.(9) and (10), w = kµuµ and k¯ =
√
w2 − kµkµ. In the comoving frame, w(= k
0) is
the energy of the photon and k¯(= |~k|) denotes the magnitude of its three–momentum. The
decomposition in Eq.(9) allows one to write the propagator as (in the Feynman gauge)
∆µν = −
P µν
k2 − πT
−
Qµν
k2 − πL
. (11)
In the comoving frame, the P µν term describes the transverse modes of the photon field,
while the Qµν term is a linear combination of longitudinal and time–like modes. Equation
(11) shows that the propagator of physical (transverse) photon modes has a pole at k2 = πT .
This is interpreted as a thermal–generated dynamical mass. The pole k2 = πL in the non–
transverse part of the propagator describes the Debye screening length of the photon in the
e± plasma [7,10].
Since we are interested in the leading order O(α) correction to the mass of the photon,
the vacuum dispersion relations k2 = 0 for the photon and p2 = m20 for the electron can be
used in the right hand sides in Eqs.(9) and (10). Therefore, the effective mass of the photon
is
5
[meffγ (T )]
2 = Re
[
πT (k¯, w)
]
=
8α
π
T 2h(µ0) +O(α
2) , (12)
where µ0 = m0/T and the function h(µ0) is defined as
h(µ0) =
∫ ∞
0
dx
x2√
x2 + (µ0)2
fF (x) . (13)
Note that the photon effective mass in Eq.(12) has been obtained without any restriction to
T , hence valid for all temperature. Equation (12) gives the correct limit mγ = 0 for T = 0
and is in agreement with the result [meffγ (T )] = (2παT
2)/3 obtained in Ref. [7] in the limit
of high temperature T ≫ w,m0. Obviously this limit does not apply to the early Universe
where photons are in thermal equilibrium with the mean energy w ∼ T . Moreover, since
T ∼ m0 at the neutrino decoupling temperature, the limit µ0/x = m0/T ≪ 1 in Ref. [10]
cannot be applied.
The thermal mass of the photon is almost linearly dependent on temperature. The
photon effective mass is 0.115 MeV at T = 1 MeV and 0.241 MeV at T = 2 MeV. Even
though the photon is still relativistic, its contribution to the energy density of the Universe
is substantially reduced.
B. Effective Mass of the Electron
As in the case of the photon, the dynamics of electrons in a thermal bath is also modified
by the electromagnetic interactions with background photons and electrons themselves. The
interactions with neutrinos are suppressed at T ∼ 1 MeV, for they involve the exchange of
heavy bosons W and Z. Therefore, the effect of the bath on the propagation of the electron
is expressed by calculating the electron self–energy in the presence of the ambient e+, e−
and γ. The electron self–energy at one–loop level becomes
Σ(/p) = Σ0(/p) + ΣT (/p) , (14)
where Σ0(/p) is the electron self–energy for T = 0 and its thermal correction is
ΣT (/p) = −2πe
2
∫
d4k
(2π)4
[γµ(/p+ /k +m0)γµ] (15)
×
[
δ(k2)fB(k
0)
(p+ k)2 −m20
−
δ[((p+ k)2 −m20)fB(p
0 + k0)
k2
]
where pµ is the four–momentum of the electron and kµ denotes the momentum in the
electron–photon loop. The one–loop self–energy modifies the electron propagator S(p) as
S(p)−1 = /p−m0 − Σ(/p) = [/p−m0 − Σ0(/p)]− ΣT (/p) . (16)
The standard Σ0(/p) leads to the definition of physical mass of electrons and the wave function
renormalization in the vacuum. The temperature–dependent self–energy ΣT (/p) produces a
finite shift in the dispersion relation as [11]
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[meffe (T, p)]
2 ≡ E2 − ~p 2 (17)
= m20 +
2
3
απT 2 +
4α2
π
h(µ0) +
α
2π2
m20JA(p) ,
where the function h(µ0) is defined in Eq.(13) and
JA(p) = −
2π
u
∫ ∞
0
x dx√
x2 + (µ0)2
fF (ǫx) ln
(
ǫpǫx + µ
2
0 + xu
ǫpǫx + µ20 − xu
ǫpǫx − µ
2
0 + xu
ǫpǫx − µ20 − xu
)
, (18)
where dimensionless quantities have been defined as u = |~p|/T , ǫp = Ep/T , x = |~p − ~k|/T
and ǫx = (Ep − Ek)/T . The result of Eq.(17) is valid for all temperature. It gives the
correct result meffe = m0 at T = 0 and agrees with the result of [11–13] in the limiting cases
T ≪ m0 and T ≫ m0. The last two terms in Eq.(17) are relatively small at T ≪ m0,
for they are exponentially suppressed by the Fermi–Dirac or the Bose–Einstein distribution
function. Around T ∼ m0, however, the third term becomes important and has to be taken
into account (for instance, h(m0/T = 1) ≃ 0.543). The last term JA(p) in Eq.(17) intro-
duces momentum dependence in the electron effective mass, which is important especially
in the calculation of the neutrino cross sections with the momentum–dependent phase space
distributions. This term has been calculated in the limit ǫx ≫ µ0 [12]. This approximation
is only valid at high temperature (T≫ m0), for the most significant contribution of ǫx to
the integral is from its mean values, i.e. ǫx ∼ 1. In the temperature range of our interest
(T ∼ m0), this approximation cannot be adopted and we have to resort to a numerical cal-
culation. This function is always negative, and monotonically increasing from the limiting
value
lim
p→0
JA(p) = −8π
∫ ∞
0
dx√
x2 + (µ0)2
fF (
√
x2 + µ20) , (19)
up to limp→∞ JA(p) = 0. In order to see how significant the modifications to m0 due to
the JA(p) term is, we plot in Fig.1 the deviation of the m
eff
e calculation including the JA(p)
term from that neglecting JA(p), as a function of temperature. The dashed line refers to the
calculation for the case with p = 〈p〉, where 〈p〉 is the mean value of the momentum in the
bath. The solid line referring to the case with p = 0 corresponds to the largest contribution
of the JA(p) term, the maximum of which is 3.3× 10
−3 at T ∼ 2 MeV. The other thermal
corrections in Eq.(17) are always larger than that due to the JA(p) term at least by one order
of magnitude, as can be seen by comparing Fig.1 to Fig.2 (in Fig.2, the relative correction
|1−meffe (T )/m0| is plotted as a function of T ). This shows that the JA(p) term is negligible
around the temperature T ∼ MeV. We will therefore neglect this term in our analysis. This
turns out to be a great simplification in the calculations, especially for the interaction rate,
because the momentum dependence in the electron mass is avoided.
Figure 2 shows that the thermal corrections to the electron mass at T ∼ MeV is sizeable:
at T = 1 MeV the electron mass increases by 4.1%, and at T = 2 MeV the correction is as
large as 16%.
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C. Effective mass of the neutrino
Neutrinos also acquire effective mass in the presence of a medium. In the temperature
range of our interest, the contributions come from weak interactions with the ambient elec-
trons and positrons. The effective mass squared of the neutrino has been shown to be of the
order of GF (N − N), where GF is the Fermi constant and N(N) is the number density of
electrons(positrons) [14]. Since we expect N ≃ N , the modification to the neutrino effective
mass at T ∼ 1 MeV is practically absent. Therefore, we neglect finite temperature effects
on the dispersion relation of neutrinos in the following.
III. NEUTRINO DECOUPLING
Neutrinos in the early Universe, like all other particles, are kept in thermodynamical
equilibrium through their interactions with the particles in the heat bath. As long as its
interaction rate Γ is larger than the expansion rate of the Universe H , neutrinos remain
in thermal and chemical equilibrium. When Γ becomes smaller than H , due to the re-
duced temperature of the heat bath and therefore the increased distance between particles,
neutrinos start to depart from the equilibrium and subsequently evolve independently from
the other species. Even though this decoupling is not a sharp event, we can define that it
happens when
Γ(Td) = H(Td) . (20)
The temperature when Eq.(20) holds is defined as the neutrino decoupling temperature Td.
In the following Subsections we will discuss finite temperature effects on the calculation
of Td. Both Γ and H decrease as finite temperature effects are incorporated. A detailed
calculation is therefore needed to determine whether or not the decoupling temperature
actually increases or decreases, and to estimate the size of the effect.
A. Expansion rate
In the standard big bang model, the dynamical expansion of the early Universe is gov-
erned by the Friedman equation [2]
H =
[
8πG
3
ρ
]1/2
, (21)
where G is the Newton constant. Under the assumption that all the particles are in ther-
modynamical equilibrium, the total energy density ρ is
ρ =
∑
i
gi
∫
d3p
2π3
E(p) fi(E) , (22)
where gi is the number of internal degrees of freedom of the particle species i. E and p are
its energy and momentum, respectively, which are related by the usual dispersion relation
E2 = ~p2 +m2i , where mi is the mass of the particle.
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Equation (22) leads to the following expression of H :
H =
√
4π3G
45
g1/2∗ (T )T
2 , (23)
where g∗(T ) is the number of degrees of freedom at temperature T , defined by
g∗(T ) =
∑
i
(
Ti
T
)4 15gi
π4
∫ ∞
0
du
u2
√
u2 + µ2i
exp
(√
u2 + µ2i
)
± 1
, (24)
where µi = mi/T . In Eq.(24), Ti is the temperature of the species i. For the species i in
equilibrium, Ti is equal to the temperature T of the Universe, but after the decoupling, its
temperature does not need to be the same as T (this is actually the case for neutrinos). Note
that the dimensionless g∗(T ) is proportional to the energy density of the Universe in units
of T 4, which is effectively dominated by highly relativistic particles; since particles near the
transition from the relativistic to the non–relativistic regime can also contribute to g∗(T ),
they should be also taken into account in a precise calculation. When a particle species
becomes non–relativistic, its contribution to the energy density and therefore to g∗(T ) is
exponentially suppressed. Around the neutrino decoupling temperature (T ≃ 1MeV), the
particles in thermal equilibrium are photons, electrons, positrons and νe(ν¯e). We will assume
that muon and tau neutrinos had already been decoupled, so that they do not interact with
the νe. However, they still contribute to the energy density.
Now, let us discuss the effects of the thermal background. Since electrons, positrons
and photons have effective mass larger than that in the T = 0 situation, g∗(T ) and hence
H(T ) are reduced. Figure 3 shows the relative change [1 − gFT∗ (T )/g∗(T )] as a function
of temperature. Although the photon mass is a few tenth of MeV and the electron mass
increases by 5 ∼ 10% at the temperatures around 1 ∼ 2 MeV, the effect on the number
of degrees of freedom is small: g∗(T ) decreases by a factor of 0.1%. This is because in
this temperature regime g∗(T ) is dominated by three neutrino species. Due to the relation
between H(T ) and g∗(T ) in Eq.(23), the ensuing effect on the expansion rate is a factor of
two smaller: ∆H/H ≃ 0.5(∆g∗/g∗) ≃ 5 × 10
−4. As will be shown in Section IIIB, finite
temperature modifications to Γ are two order of magnitude larger than that to the expansion
rate, leaving very little influence of H on the calculation of Td.
B. Interaction rate and neutrino decoupling temperature
Neutrinos are kept in thermal equilibrium by the interactions with electrons and positrons
in the heat bath. Focusing on the electron neutrino νe, the interactions such as
νe + e
− ←→ νe + e
− (25)
νe + e
+ ←→ νe + e
+ , (26)
are responsible for kinetic equilibrium, and annihilation and creation processes like
νe + ν¯e ←→ e
− + e+ , (27)
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maintain neutrinos in chemical equilibrium. Since the interactions which involve more than
two particles are suppressed by additional powers of the small coupling constants, we will
not consider them in the following. For definiteness, we will discuss in detail the interaction
rate for the process of Eq.(25), which has the largest cross section and therefore is dominant
in the determination of the thermal equilibrium for νe. We will turn to the other processes
at the end of this Section.
The standard calculation of the interaction rate of a neutrino relies on a number of
simplifying assumptions: (1) the electron is considered to be massless, i.e. me = 0; (2)
the energy distribution of the initial–state particles is neglected: two initial particles are
considered to have mean–valued energies
〈E〉 =
ge
Ne(T )
∫
d3p
(2π)3
E fe(E) (28)
〈ω〉 =
gν
Nν(T )
∫
d3k
(2π)3
ω fν(ω) , (29)
and the interaction is supposed to occur in the center of momentum frame (cos θ = −1).
Under these assumptions, the interaction rate becomes
Γ = Ne(T ) vM σ(〈E〉, 〈ω〉) , (30)
where vM = 2. The cross section σ for the massless electron is
σ =
G2FA
12π
s , (31)
where s = 4〈E〉〈ω〉 and the definition of the constant A will be given later (see Eq.(47)).
Since the electron is assumed to be massless, we have
〈E〉 = 〈ω〉 =
7π4
180ζ(3)
T ≃ 3.15 T (32)
and
Ne(T ) =
3
4
ζ(3)
π2
geT
3 ≃ 0.182T 3 , (33)
where ζ is the Riemann zeta function and ζ(3) = 1.20. Consequently, Γ is
Γ ≃ 0.385AG2FT
5 ≃ 3.48× 10−22
(
T
MeV
)5
. (34)
Comparing Eq.(34) with the expansion rate calculated for the massless electron (g∗(T ) =
10.75),
H ≃ 4.46× 10−22
(
T
MeV
)2
, (35)
the decoupling temperature is
10
Td ≃ 1.09 MeV . (36)
The above standard analysis provides very rough estimates of the interaction rate and the
decoupling temperature. For comparison, the calculation of the expansion rate for me = 0,
but taking into account the thermal distribution of the initial energies, gives
Γ ≃ 0.1284AG2FT
5 , (37)
which is a factor of 3 smaller than the estimate in Eq.(34). The resulting decoupling tem-
perature is
Td ≃ 1.56 MeV , (38)
which is 50% higher than the value given in Eq.(36).
A detailed and precise calculation of the interaction rate is rather involved, but necessary
to see whether or not finite temperature effects lower the neutrino decoupling temperature.
For the following interaction
νe(ω,~k) + e
−(E, ~p)←→ νe(ω
′, ~k′) + e−(E ′, ~p′) , (39)
the interaction rate is defined by
Γ(νee
− → νee
−) =
1
Nν(T )
∫
d3p
(2π)3
d3k
(2π)3
gefe(E) gνfν(ω) [σvM ] , (40)
where the number density Nν(T ) of neutrinos at temperature T is
Nν(T ) = gν
∫
d3k
(2π)3
fν(ω) . (41)
That is, Γ is the thermal average of product of the cross section σ and the Mo¨ller velocity
vM [15]. The cross section of the process is, including the thermal phase space,
σ =
1
4EωvM
∫
d3p′
(2π)3 2E ′
d3k′
(2π)3 2ω′
[1− fe(E
′)] [1− fν(ω
′)] (2π)4δ(4)(p+ k − p′ − k′)|M|2 ,
(42)
and the Mo¨ller velocity is defined (for massless neutrinos) by
vM =
pαkα
Eω
=
s
2Eω
(
1−
m2e
s
)
, (43)
where s ≡ (p + k)α(p + k)α is the total energy in the center of momentum frame of the
colliding particles and its expression in the comoving frame is (θ is the angle between ~p and
~k)
s = m2e + 2Eω − 2pk cos θ . (44)
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The scattering amplitude for the process νee
− −→ νee
− comes from two diagrams with
Z in the t–channel and W in the u–channel. Since mean energies of interacting particles
are of the order of the temperature T ≃MeV(≪ MW,Z), we can express the averaged square
amplitude in the low energy limit as
|M|2 = 16G2F [(v + a)
2(pαkα)(p
′αk′α) + (v − a)
2(p′αkα)(p
αk′α)− (v
2 − a2)2m2e(k
αk′α)] , (45)
where GF is the Fermi constant, v = gV + 1, a = gA + 1, and gV (gA) are the vector
(axial–vector) weak coupling constant.
As a first step, we neglect the thermal phase space in order to investigate the effect of
electron thermal mass alone. With the standard phase space, the cross section is
σ =
G2F
12π
s
(
1−
m2e
s
)2 [
A +B
m2e
s
+ C
m4e
s2
]
, (46)
where
A = 4(a2 + av + v2) (47)
B = 2(2a2 − av − v2) (48)
C = (a− v)2 . (49)
Finally, Γ is to be obtained by taking a thermal average of σvM . A simple expression of Γ
in terms of Bessel functions, involving a one–dimensional numerical integration, has been
obtained in the case of Maxwell–Boltzmann (MB) distribution for the initial particles [15].
We do not adopt this approximation here, because it induces larger uncertainties than the
finite temperature corrections in the present analysis. For instance, particles with energy
E ∼ 〈E〉 would have 4.7% larger interaction rate in the MB distribution than in the FD
distribution. Therefore, we have to resort to an improved method [16].
Since the only angular dependence comes from the relative angle θ between ~p and ~k, we
have
d3p d3k = 4πp2dp 2πk2dk dcos θ , (50)
with the kinematical limits (0,∞) for both p and k and | cos θ| ≤ 1. With the isotropic
distribution functions, the annihilation rate is
Γ =
1
Nν(T )
gegν
8π4
G2F
12π
∫ ∞
0
p2dp
E
fe(E)
∫ ∞
0
k2dk
ω
fν(ω) I(p, k) , (51)
where
I(p, k) =
1
2
∫ 1
−1
d cos θ s2
(
1−
m2e
s
)3 [
A +B
m2e
s
+ C
m4e
s2
]
=
1
2
6∑
i=1
aiIi , (52)
where the constants ai and the functions Ii are obtained from the angular integration as
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a1 = m
4
e(C + 3A− 3B)
a2 = m
2
e(B − 3A)
a3 = A
a4 = m
6
e(3B − A− 3C)
a5 = m
8
e(3C −B)
a6 = −m
10
e C ,
and
I1 = 2
I2 = 2(m
2
e + 2Eω)
I3 = 2(m
2
e + 2Eω)
2 +
8
3
p2ω2
I4 =
1
2pω
ln
[
m2e + 2Eω + 2pω
m2e + 2Eω − 2pω
]
I5 =
1
2pω
[
1
m2e + 2Eω − 2pω
−
1
m2e + 2Eω + 2pω
]
I6 =
1
4pω
[
1
(m2e + 2Eω − 2pω)
2
−
1
(m2e + 2Eω + 2pω)
2
]
.
The above holds for all interaction rate as long as the involved electron has momentum–
independent mass. The integrations over p and k in Eq.(51) are performed numerically (all
the numerical calculations are performed with a precision of 10−5 but only three significant
decimals are shown).
The interaction rate for me = m0, i.e. without any thermal correction, is plotted in Fig.4
(dotted line) as a function of temperature. The decoupling condition Eq.(20) is satisfied at
the temperature
Td(me = m0) = 1.57 MeV . (53)
The inclusion of the electron thermal mass has the effect to slightly reduce the interaction
rate (see the dashed line in Fig.4): around T ≃ 1.6MeV the reduction is 0.3%. As a
consequence, the decoupling temperature increases by 0.1%, i.e.
Td(me = m
eff
e ) = 1.58 MeV . (54)
Let us now take into account the thermal phase space in the evaluation of the cross
section, which is
dΠ =
d3p′
(2π)32E ′
d3k′
(2π)32ω′
[1− fe(E
′)][1− fν(ω
′)](2π)4δ(4)(p+ k − p′ − k′) . (55)
The three–momentum ~p can be integrated out by using the three–dimensional delta function
to give
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dΠ =
1
(2π)24E ′ω′
k′2dk′dφk′dcos θk′ [1− fe(E
′)][1− fν(ω
′)]δ(E + ω −E ′ − ω′) , (56)
where the angle θk′ is defined as
cos θk′ =
(~p+ ~k) · ~k′
|~p+ ~k||~k′|
. (57)
After a trivial integration over φk′, we use the remaining one–dimensional delta function to
perform the integration over cos θk′
dΠ =
1
8π
ω′
E ′
∣∣∣∣∣∂(E
′ + ω′)
∂ cos θk′
∣∣∣∣∣
−1
[1− fe(E
′)][1− fν(ω
′)]dω′ , (58)
with the constraint ~p+ ~k = ~p ′ + ~k ′. This gives
dΠ =
1
8πA
P (ω′)dω′ , (59)
where we have defined
P (ω′) = [1− fe(E
′(ω′))][1− fν(ω
′)] , (60)
with
E ′(ω′) = α− ω′ (61)
α = E + ω (62)
A = |~p+ ~k| = (p2 + k2 + 2pk cos θ)1/2 . (63)
The quantities α and A are fixed with the given initial state variables. The kinematical
limits for the final state energy ω′ are
ω′max =
α2 −A2 −m2e
2(α−A)
(64)
ω′min =
α2 −A2 −m2e
2(α+A)
, (65)
which can be obtained from the constraint | cos θk′ | ≤ 1.
The relevant phase–space distribution P (ω′) is a function of the energy ω′ and of the
energies and momenta of initial particles. In the case of non–thermal phase space, we have
P (ω′) = 1. The function P (ω′) represents the reduction of the phase–space due to thermal
effects. Figure 5 shows as a function of ω′ P (ω′, E = 〈E〉, ω = 〈ω〉) with cos θ = 0 at
three different temperature T = 0.1, 1, 5 MeV. We observe that the reduction due to the
thermal distribution function is sizeable over all the energy range of ω′. Especially around
the temperature T ∼ MeV, the amount of the reduction is always greater than 8% for all
energies.
Unfortunately, the functional form of P (ω′) prevents us from analytically performing the
integration over the final state energy ω′ and the initial state angle θ, contrary to the previous
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situation without the thermal phase space. In order to minimize numerical integrations, we
approximate the effect of the thermal phase–space as a mean value effect
4Eω(σvM)TH =
1
8πA
∫
P (ω′)dω′|M2|
≃
1
8πA
〈P (ω′)〉
∫
dω′|M2| = 4Eω(σvM)0〈P (ω
′)〉 , (66)
where the quantity Eω(σvM)0 is the same as the one calculated previously (see Eqs.(43) and
(46)). In Eq.(66) the mean value of the phase space is defined as
〈P (ω′)〉 ≡ R(T ;E, ω) =
1
2
∫ 1
−1
d cos θ
1
ω′max − ω
′
min
∫ ω′
min
ω′max
P (ω′)dω′ . (67)
The reduction factorR(T ;E, ω) is a function of the initial state energies and the temperature.
In Fig.6, R(T ;E, ω) is plotted against the temperature for E = 〈E〉 and ω = 〈ω〉. As
the temperature increases, R decreases because the Fermi blocking at higher temperature
obstructs scattering processes. For instance, R(〈E〉, 〈ω〉) = 0.86 at T = 1 MeV. Note that
the effect even at T = 0.1 MeV is about 8% increase, where the finite temperature effects
due to the thermal mass are totally negligible.
With the definition of the reduction factor R(T ;E, ω), the interaction rate including all
the thermal effects is
Γ =
1
Nν(T )
gegν
8π4
G2F
12π
∫ ∞
0
p2dp
E
fe(E)
∫ ∞
0
k2dk
ω
fν(ω) I(p, k)R(T ;E, ω) . (68)
The interaction rate of Eq.(68) is plotted in Fig.4 as a solid line. The global reduction of Γ,
compared to the situation without the thermal phase space, is 13% for T ∼ MeV. This is
by far the most important effect due to the presence of the thermal bath, being more than
a factor of 40 larger than the inclusion of the electron thermal mass alone in the calculation
of Γ. We recall that the thermal mass affects the expansion rate much less, leading to
∆H/H ∼ 5 × 10−4 in the MeV range of the temperature. The decoupling temperature
obtained from Γ in Eq.(68) is, finally,
Td(me = m
eff
e , thermal phase space) = 1.643 MeV , (69)
which is a 4.4% increase from the decoupling temperature without any thermal effect. We,
therefore, conclude that the thermal bath has the effect to increase the neutrino decoupling
temperature, assuring that neutrinos are totally decoupled at the time of e± entropy release.
For completeness, we conclude this Section by reporting the neutrino decoupling tem-
perature taking into account all the reactions listed in Eqs.(25–27). Including the thermal
mass and the thermal phase space as discussed above, the neutrino decoupling temperature
increases by 4.4% into
Td ≃ 1.41 MeV , (70)
as compared to Td ≃ 1.35 MeV obtained without finite temperature effects.
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IV. CONCLUSIONS
We have studied leading finite temperature effects on the neutrino decoupling temper-
ature in the early Universe. The major motivation is to investigate if finite temperature
effects could actually lower Td and eventually affect the nucleosynthesis calculations. Two
major features of the finite temperature effects have been incorporated in the calculation:
(1) the interactions among the particles in the medium affect their dispersion relations which
are recast in the form of effective mass ; (2) the presence of the medium modifies the phase
space distribution of the particles in the processes that determine the equilibrium.
The effect of the inclusion of thermal mass into the expansion rate of the Universe H has
been shown very small: ∆H/H ≃ 5× 10−4. This effect turns out to be negligible compared
to the modification of the interaction rate of a neutrino due to finite temperature. The
latter has been discussed in detail for the process νe + e ↔ νe + e. The incorporation of
the electron thermal mass alone leads to a 0.1% increase of Td. When the thermal phase
space in the Born approximation is also considered, the decoupling temperature further
increases. The total thermal effect is an increase of Td by 4.4%, and the actual value of
the decoupling temperature is Td(thermal effects) = 1.41 MeV. In conclusion, it is still valid
even in the presence of a heat bath that neutrinos are totally decoupled at the time of e±
entropy transfer.
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FIGURE CAPTIONS
FIG. 1 The deviation of the effective mass of the electron meffe calculated by including the
JA(p) term from the one without the JA(p) term as a function of T . The solid line
refers to the electron momentum p = 0, the dashed line to the mean value p = 〈p〉.
FIG. 2 The deviation of the thermal electron mass meffe (T ) from m0 as a function of T .
FIG. 3 The deviation of the number of degrees of freedom with finite temperature corrections
gFT∗ (T ) from g∗(T ) as a function of T .
FIG. 4 The expansion rate H (dash–dotted line) and the interaction rate Γ for the reaction
νe + e
− ←→ νe + e
− as functions of T , in units of 10−21 MeV. The dotted line refers
to Γ when the thermal corrections are neglected. The dashed line represents the case
with the electron thermal mass. The solid line includes both the electron thermal mass
and the thermal phase space.
FIG. 5 The phase space reduction function P (ω′) plotted as a function of the final–state
neutrino energy ω′ and calculated for the mean values E = 〈E〉 and w = 〈w〉 of the
initial–state energies with cos θ = 0. The three curves refer to different values of T :
T = 0.1 MeV (dotted line), T = 1 MeV (solid line) and T = 5 MeV (dashed line).
FIG. 6 The thermal phase space reduction factor R(T ;E, ω) as a function of T , calculated for
E = 〈E〉 and ω = 〈ω〉.
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